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A ﬁnite element model for orthotropic thin-walled beams subject to long-term loadings is presented. The hypothesis,
rather usual for thin-walled beams, of cross-sections remaining undistorted in their own planes after deformation is intro-
duced, so reducing the number of d.o.f.’s and, consequently, the computational eﬀort of the analysis. The model is used to
perform linear viscoelastic analysis of prismatic beams with general cross-sections, i.e., open, closed or multi-cell. As far as
the constitutive viscoelastic law is concerned, a generalized linear Maxwell model is adopted. Making use of the exponen-
tial algorithm, diﬀerential equations are written in incremental form and integration is performed adopting time intervals
of variable length. Numerical examples are ﬁnally presented, concerning glass-ﬁbre pultruded shapes under long-term
loadings. Displacement evolution with time and stress redistribution adopting diﬀerent creep laws are presented. Conver-
gence features of the proposed ﬁnite element and time integration procedure are also shown.
 2007 Elsevier Ltd. All rights reserved.
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Civil engineering is facing an impressive increase of number and type of Fibre Reinforced Polymer (FRP)
applications; they range from external or internal reinforcement of concrete beams and columns to structures
completely made of FRP composite structural elements (Barbero and GangaRao, 1991; GangaRao and Barb-
ero, 1991).
Nevertheless, only few studies can be found concerning behaviour of pultruded elements under long-term
loadings (Qiao et al., 2000; Papanicolau et al., 1999; Shao and Shanmugam, 2004). As well known, polymer
matrix may exhibit signiﬁcant viscoelastic deformation; glass ﬁbres are also subject to creep eﬀects under long-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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time, so increasing long-term deformability of pultruded beams.
From the structural point of view, pultruded shapes have typically thickness much smaller than overall
cross-section dimensions. Moreover, they exhibit higher shear deformability with respect to conventional
materials, which can signiﬁcantly increase under long-term loadings.
Several analytical and numerical methods have been proposed to predict the instantaneous behaviour of
thin-walled beams (Laudiero and Savoia, 1990, 1991; Prokicˇ, 1996; Capuani et al., 1998; Ascione et al.,
2000; Prokicˇ, 2002); nevertheless, these models cannot be easily extended to the case of creep deformation
of pultruded shapes by using eﬀective modulus approach, because ratio between shear and Young modulus
is variable with time and principles of linear viscoelasticity do not apply. For the same reason, shape of
cross-sectional warping changes with time, and numerical (e.g. Finite Element) approaches with cross-sec-
tional discretization are then required.
Some studies can be found where linear viscoelastic constitutive laws are implemented in FE models, in
order to study the eﬀect of long-term loadings. Among them, Creus et al. (Marques and Creus, 1994; Oliveira
and Creus, 2003, 2004) proposed a FE viscoelastic model, adopting isoparametric shell elements and Prony
series expansion of creep function associated with generalized Kelvin rheological model. Jurkiewiez et al.
(1999) developed isotropic shell ﬁnite elements for multi-layered plates with Prony series expansion of visco-
elastic kernels corresponding to Maxwell rheological model (Zienkiewicz and Watson, 1966; Bazˇant and Wu,
1974).
In the present paper, a ﬁnite element model for viscoelastic analysis of pultruded thin-walled beams is devel-
oped. In viscoelastic problems, permanent loads only are usually taken into account, and load level is then
relatively low with respect to that causing material or (global or local) instability failure. Hence, transverse
bending can be neglected and cross-section can be assumed to be undeformed after load application. Accord-
ing to this hypothesis, number of d.o.f.’s involved in the analysis is signiﬁcantly smaller than using traditional
shell elements, because transverse displacements are constrained by the rigid movement of cross-section plane.
Moreover, for pultruded shapes, longitudinal Young modulus EL and longitudinal–transverse shear modulus
GLT only are involved in the model, making experimental calibration of viscoelastic constitutive laws much
simpler.
Numerical FE formulation in case of instantaneous loading (i.e., without creep eﬀects) is given ﬁrst; the
model is then extended to consider long-term loading case. In viscoelastic analyses, computational eﬀort
required by a ﬁnite element model can be very high. A linear Maxwell model is adopted here for both
normal and shear constitutive laws, and integration of governing diﬀerential equations is performed in
a straightforward way by means of exponential algorithm, ﬁrst proposed by Zienkiewicz and Watson
(1966) and Taylor et al. (1970) and then applied by Bazˇant and Wu (1974). This method is computation-
ally very eﬃcient because it makes use of state variables and time intervals of variable length can be
adopted, i.e., small at early age after load application and very large when evolution of deformation with
time is slow. In the linear case, solution procedure avoids implementation of Newton–Raphson incremen-
tal-iterative method, usually employed to solve non-linear structural problems (Simo and Hughes, 1998;
Kojicˇ and Bathe, 2004). Incremental FE algebraic equilibrium equations are obtained by introducing
pseudo-elastic constitutive incremental relationships into the FE model through the principle of virtual dis-
placement, and making use of interpolation functions also for state variables. The implemented FE routine
performs computationally very well, being able to carry out the complete viscoelastic analysis of a thin-
walled beam in few minutes on a PC.
Two numerical examples are ﬁnally presented. In the ﬁrst case, a channel cantilever beam is subject to
a torsional moment constant in time. Then, a cantilever square tube is subject to a vertical force applied
at its free end; webs are made of glass-ﬁbre pultruded materials, whereas ﬂanges are made of aluminium,
which does not exhibit creep deformation. In both examples, evolution with time of deﬂection and rota-
tion, as well as redistribution of stresses over the cross-section due to creep eﬀects are shown. Convergence
studies are also performed, concerning the proposed ﬁnite element and time integration procedure of equi-
librium equations. It is shown that time instants uniformly distributed in time log scale can be adopted,
and very accurate results can be obtained with 3–4 time intervals only along the whole time axis (from
101 to 105 days).
772 M. Bottoni et al. / International Journal of Solids and Structures 45 (2008) 770–7932. Proposed model for pultruded shapes
2.1. The kinematical model
The kinematical model is deﬁned according to the reference system shown in Fig. 1. A prismatic thin-walled
beam and its general cross-section are reported. A right-handed orthogonal coordinate system (O;x,y,z) is
adopted, where x- and y- are two general axes belonging to the cross-section plane. Location of the reference
system origin O and direction of x- and y-axes are general, i.e., they do not necessarily coincide with centroid
(or shear centre) and principal axes of the cross-section.
The kinematical model is based on the following main assumptions:
(a) Thicknesses of various branches constituting the cross-section are small with respect to overall
dimensions.
(b) Cross-sections are rigid in their own planes.
(c) Displacements along z-direction are independent from cross-section in-plane displacements.
(d) No variation of kinematical or static variables across the thickness is considered.
According to hypothesis (a), coordinates of general point P of proﬁle centreline can be expressed as:x ¼ xðsÞ; y ¼ yðsÞ ð1Þ
where s is a curvilinear coordinate. A local right-handed orthogonal coordinate system (P;xn,xs,z) is also de-
ﬁned (Fig. 1), where xn- and xs-axes, lying in the section plane, are orthogonal and tangential to the centreline,
respectively. According to hypothesis (b), in-plane displacements of point P are deﬁned through rigid move-
ments of the cross-section itself; therefore, they can be expressed as a function of displacement components
n(z) and g(z) along x- and y-axes of origin O and h(z), cross-section rotation around O (Fig. 2). According
to hypothesis (c), displacement w(s,z) along the longitudinal axis z is independent from in-plane displacement
components n(z), g(z), h(z).
Then, displacements of general point P(s,z) along x-, y- and z-directions are, respectively:uðs; zÞ ¼ nðzÞ  yhðzÞ ð2aÞ
vðs; zÞ ¼ gðzÞ þ xhðzÞ ð2bÞ
w ¼ wðs; zÞ ð2cÞBy geometrical considerations, displacements of P(s,z) along local axes xn, xs can be expressed as:Fig. 1. Thin-walled beam with general cross-section.
Fig. 2. Displacement components in global (O;x,y) and local (P;xn,xs) reference systems.
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ds
þ gðzÞ dxðsÞ
ds
 hðsÞhðzÞ ð3aÞ
usðs; zÞ ¼ nðzÞ dxðsÞ
ds
þ gðzÞ dyðsÞ
ds
þ rðsÞhðzÞ ð3bÞrespectively, where r(s) and h(s) are components of vector OP along xn, xs, i.e. (see Fig. 1):rðsÞ ¼ xðsÞ dyðsÞ
ds
 yðsÞ dxðsÞ
ds
ð4aÞ
hðsÞ ¼ xðsÞ dxðsÞ
ds
þ yðsÞ dyðsÞ
ds
ð4bÞ2.2. Strain and stress components
From Eqs. (3), the linear strain components ez, czs, czn (no geometrical eﬀects) can be written as:ezðs; zÞ ¼ owðs; zÞoz ð5aÞ
czsðs; zÞ ¼
ow
os
þ ous
oz
¼ ow
os
þ dx
ds
dn
dz
þ dy
ds
dg
dz
þ r dh
dz
 
ð5bÞ
cznðs; zÞ ¼
ow
on
þ oun
oz
ð5cÞAccording to hypothesis (d) of Section 2.1, strain components are constant across wall thickness. Moreover,
due to small wall thickness, strain component czn can be neglected. Finally, strain components es, en, e cns are
zero due to hypothesis (b) of rigid cross-sections.
Shear strain cSVzs , corresponding to Saint-Venant torsion and linearly varying across wall thickness with null
value on the centreline, is then superimposed to shear strain deﬁned in Eq. (5b). This strain component cannot
be rigorously derived from displacement ﬁeld (2), due to the assumption of constant axial displacement
through-the-thickness. However, Saint-Venant stiﬀness is essential for open thin-walled beams to withstand
uniform torsion. Corresponding strain cSVzs is assumed to be proportional to the derivative of the torsion angle
h with respect to longitudinal axis z, according to the expression (Laudiero and Zaccaria, 1988):
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dhðzÞ
dz
xn ð6ÞThe model can be further simpliﬁed by making assumptions on stress components. First of all, due to the
assumption of rigid cross-section, in-plane normal and shear stresses (rs,rn,sns) cannot be determined explic-
itly, but they are negligible with respect to other components. Moreover, due to small thickness of thin-walled
beam, shear stress szn is also negligible. Hence, only stresses rz and szs are considered in the present model,
together with shear stress sSVzs .2.3. Constitutive law
The thin-walled beam model is used to study long-term behaviour of composite pultruded shapes. They
have ﬁbre direction coinciding with longitudinal axis, and in the orthogonal plane the material is transversely
isotropic. Hence, normal and in-plane shear strain components are uncoupled. By neglecting rs, rn, linear con-
stitutive laws can be reduced to the form:rz ¼ Ezez ð7aÞ
szs ¼ Gzsczs ð7bÞ
sSVzs ¼ GzscSVzs ð7cÞwhere Ez and Gzs are longitudinal Young modulus and transverse shear modulus, respectively.3. Numerical model
3.1. The ﬁnite element model
The application of the ﬁnite element method requires a proper discretization of geometric domain. In the
proposed model, discretization is performed following two main phases: ﬁrst, thin-walled beam is divided
along the longitudinal direction in sub-elements, by using a number of reference cross-sections; secondly,
transverse cross-section is discretized into a number of straight segments deﬁned between couples of nodes
(Fig. 3). Nodes are located where some discontinuity arises: geometrical discontinuity (ﬁrst derivative of cur-
vilinear coordinate or wall thickness), material discontinuity and at the intersection of three or more wall ele-
ments. Additional intermediate nodes can also be considered in order to improve the solution. Joining the
corresponding nodes of diﬀerent transverse sections, a nodal line is obtained. The single ﬁnite element, called
panel, is deﬁned as the portion of wall between two adjacent sections and two adjacent nodal lines (Fig. 4).Fig. 3. Nodes on transverse cross-section and linear approximation for axial displacements.
M. Bottoni et al. / International Journal of Solids and Structures 45 (2008) 770–793 775Linear variation of longitudinal displacement w(s,z) is considered along the cross-section curvilinear coordi-
nate s (Fig. 3), whereas quadratic approximation is adopted along z-direction (Bottoni et al., 2006). Moreover,
quadratic functions are used for in-plane cross-sectional displacements n(z), g(z), h(z). The resulting ﬁnite ele-
ment has 6 nodes and 15 d.o.f.’s (Fig. 5): 6 for axial displacements and 9 for rigid body transverse displace-
ments of three cross-sections.
Of course, all ﬁnite elements whose edges are located in a common transverse section share the same rigid
body displacements. Hence, displacement functions governing rigid body displacements of cross-sections can
be written in the form:nðzÞ ¼ NTðzÞn ð8aÞ
gðzÞ ¼ NTðzÞg ð8bÞ
hðzÞ ¼ NTðzÞh ð8cÞwhere vectorsnT ¼ ½n1; n2; n3; gT ¼ ½g1; g2; g3; hT ¼ ½h1; h2; h3 ð9Þ
contain rigid body d.o.f.’s, while vector NT = [N1,N2,N3] contains quadratic shape functions. Moreover, axial
displacement is given by:wðs; zÞ ¼ NT/ðs; zÞU ð10ÞFig. 4. FE discretization of the beam. Longitudinal and cross-sectional subdivision.
Fig. 5. The general ﬁnite element and corresponding d.o.f.’s.
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contains axial d.o.f.’s, while shape functions collected in vector NT/ s; zð Þ are deﬁned by the composition of N(z)
and linear Lagrangean shape functions MT(s) = [M1(s),M2(s)] according to expression:NT/ðs; zÞ ¼ ½M1ðsÞ NTðzÞ;M2ðsÞ NTðzÞ ð12Þ
From Eqs. (5) and (8), linear strain components can then be written as:ezðs; zÞ ¼ N0T/ ðs; zÞU ð13aÞ
czsðs; zÞ ¼ axN0TðzÞnþ ayN0TðzÞgþ rN0TðzÞhþNT/;sðs; zÞU ð13bÞwhere prime stands for partial derivative with respect to z and coeﬃcients ax=dx/ds, ay=dy/ds, r = xdy  ydx
are constant for each ﬁnite element.
Finally, Saint-Venant shear strain is given by (see Eq. (6)):cSVzs ðs; zÞ ¼ 2h0ðzÞxn ¼ 2N0TðzÞhxn ð14Þ3.2. Equilibrium conditions for the ﬁnite element
Equilibrium conditions for the single ﬁnite element can be written by means of the principle of virtual dis-
placements. For the present problem, inner virtual work reads:dLevi ¼
Z
V e
ðrzdez þ szsdczs þ sSVzs dcSVzs ÞdV e ð15ÞSubstitution of Eqs. (6) and (7) and (13) and (14) into Eq. (15) yields:dLevi ¼ te
Z
H e
Z
Le
ðdUTN0/ÞEzðN0T/UÞdsdzþ te
Z
H e
Z
Le
ðdUTN/;s þ axdnTN0 þ aydgTN0 þ rdhTN0ÞGzs
 ðNT/;sUþ axN0Tnþ ayN0Tgþ rN0ThÞdsdz
þ
Z
te
Z
H e
Z
Le
ð2dhTxnN0ÞGzsð2N0ThxnÞdsdzdxn ¼ dUTeKeUe ð16Þwhere vector UTe ¼ ½nT; gT; hT;UT collects all d.o.f.’s of the element and Ke is the corresponding stiﬀness
matrix.
Due to the assumption of transversely rigid cross-section, the loading condition is deﬁned in terms of loads
distributed along the beam or at ﬁnite elements nodes, with assigned resultant over the cross-section. In
particular,
• qx, qy, mt are distributed loads corresponding to rigid body cross-section displacements n(z), g(z), h(z),
QTx ¼ ½Qx1;Qx2;Qx3, QTy ¼ ½Qy1;Qy2;Qy3, MTt ¼ ½Mt1;Mt2;Mt3 are vectors of generalized applied forces
associated with d.o.f.’s n, g, h.
Hence, external virtual work is given by:dLeve ¼
Z
Le
ðqxdnþ qydgþ mtdhÞdzþ dnTQx þ dgTQy þ dhTMt ð17ÞSubstituting Eqs. (8) in Eq. (17) yields:dLeve ¼ dnTtn þ dgTtg þ dhTth þ dnTQx þ dgTQy þ dhTMt ¼ dUTe Fe ð18Þ
where
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Z
Le
NðzÞqx dz; tg ¼
Z
Le
NðzÞqy dz; th ¼
Z
Le
NðzÞmt dz ð19Þ
FTe ¼ ½tn þQx; tg þQy ; th þMt; 0 ð20Þ
Setting dLevi ¼ dLeve, under the assumption of arbitrary values of variations dn, dg, dh for 0 6 z 6 Le, Eqs. (16)
and (18) yield:KeUe ¼ Fe ð21Þ
stating equilibrium condition for the general ﬁnite element.
4. Linear viscoelastic constitutive model
In the present study, long-term behaviour of pultruded composite materials constituting the cross-section
has been considered. A Maxwell chain model (Fig. 6) has been adopted for the linear viscoelastic material
behaviour (Flu¨gge, 1975), with axial and shear creep functions given by two independent viscoelastic laws
(see Eqs. (7)).
Accordingly, linear viscoelastic constitutive behaviour can be written in the form of a diﬀerential rather
than integral equation. This improves the numerical solution, since the hereditary problem can be written
in a state-variable formulation not requiring storage of complete strain and stress histories of the structure.
For each Maxwell unit (denoted by index l), the following diﬀerential relation holds between state variable
rl and total strain e:_e ¼ _rl
El
þ rl
gl
; l ¼ 1; . . . ;m ð22aÞwhere m is the number of Maxwell units, El, gl are elastic modulus and viscosity coeﬃcient for the general lth
unit. Moreover, total stress r is the sum of stresses of individual units rl:r ¼
Xm
l¼1
rl ð22bÞThe parameter ql = gl/El is also introduced, called relaxation time of lth unit. Considering a linear m-unit
non-aging Maxwell chain (with parameters ql and El constant in time), relaxation modulus R(t  t 0) can
be written in the form (Christensen, 1971; Flu¨gge, 1975):Rðt t0Þ ¼
Xm
l¼1
El  eðtt0Þ=ql ð23ÞFig. 6. Maxwell rheological model.
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Zienkiewicz and Watson (1966), Taylor et al. (1970) and further developed by Bazˇant and Wu (1974) with the
introduction of the aging behaviour. This numerical procedure shows considerable advantages when com-
pared with other traditional methods of step-by-step time integration (e.g. Euler or Runge-Kutta methods),
since time steps of variable length can be assumed. According to exponential algorithm, state variable rl at
general rth time step can be written as a function of its value at the previous (r  1)th time as:rl;r ¼ rl;r1  eDtr=ql þ kl;r  ElDer ð24Þwherekl;r ¼ 1 eDtr=ql
  ql
Dtr
ð25Þand Dtr = tr  tr1 is the general time step, being time instants indicated as t0, t1, t2, etc. Eqs. (22) and (24) are
explicit update formulas for the strain driven problem; the integration algorithm is unconditionally stable and
second order accurate (Simo and Hughes, 1998).
As will be shown in Section 6.2, for the linear problem at hand, no Newton–Raphson procedure is neces-
sary to improve the numerical solution, as typically performed for non-linear problems (Simo and Hughes,
1998).
Approximation introduced by the exponential time integration method is due to the assumption of _e being
constant over Dtr. Time steps must be chosen in order to reduce discrete integration errors: in principle, for
problems with stress constant with time (creep problems), they should be very small at the beginning of load
application (_e being rapidly varying), whereas they can be large after long time under loading when creep rate
is very small (so reducing computational eﬀort). In order to accomplish with these requirements, time instants
are deﬁned according to geometric progression, i.e., they are equally distributed in time logarithmic scale.
Results of convergence study concerning time integration are reported in Section 6.2.
Substituting Eq. (24) in Eq. (22b), pseudo-linear elastic incremental relation between strain and stress incre-
ments Der, Drr, over time interval Dtr, can be derived:Der ¼ DrrE00r
þ De00r ð26Þwhere E00r is the pseudo-instantaneous modulus and De
00
r is the pseudo-inelastic strain increment, respectively,
deﬁned as:E00r ¼
Xm
l¼1
kl;rEl ð27aÞ
E00rDe
00
r ¼
Xm
l¼1
ð1 eDtr=qlÞrl;r1 ð27bÞSince deformability due to both normal and shear stresses is considered in the proposed model, a generaliza-
tion of the algorithm is needed. Together with state variable rl of the uniaxial viscoelastic model (described in
this paragraph), two further state variables sl and sSVl are introduced, corresponding to shear stress compo-
nents szs and sSVzs . Analogously, two incremental pseudo-elastic equations, similar to Eq. (26), are adopted to
deﬁne szs  czs and sSVzs  cSVzs relationships. Hence, incremental constitutive equations are: (subscripts ‘‘z’’ and
‘‘zs’’ are omitted for the sake of simplicity):Drr ¼ E00r ðDer  De00r Þ ð28aÞ
Dsr ¼ G00r ðDcr  Dc00r Þ ð28bÞ
DsSVr ¼ G00r ðDcSVr  DcSV
00
r Þ ð28cÞ
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5.1. Incremental variational formulation
Incremental equilibrium equations for the viscoelastic problem are obtained through the principle of virtual
displacements (Bathe, 1996). For a continuum mechanics problem, it reads:Z
V e
rij;r  deij;r dV ¼ dLeve;r ð29Þwhere r stands for time tr and dL
e
ve;r is the external virtual work variation. Substituting incremental relations:rij;r ¼ rij;r1 þ Drij;r; eij;r ¼ eij;r1 þ Deij;r ð30Þ
into Eq. (29) and observing that deij,r = d(Deij,r) yield:Z
V e
Drij;rdðDeij;rÞdV e ¼ dLve;r 
Z
V e
rij;r1dðDeij;rÞdV e ð31ÞFor the problem at hand, by considering non-zero stress components only and substituting Eqs. (28) into l.h.s.
of Eq. (31), the following expression can be obtained:Z
V e
½dðDerÞE00rDer þ dðDcrÞG00rDcr þ dðDcSVr ÞG00rDcSVr dV e
¼ dLeve;r 
Z
V
½dðDerÞrr1 þ dðDcrÞsr1 þ dðDcSVr ÞsSVr1dV e þ
Z
V e
½dðDerÞE00rDe00r þ dðDcrÞG00rDc00r
þ dðDcSVr ÞG00rDcSV
00
r dV e ð32Þ
where contributions of pseudo-inelastic strain increments De00r , Dc
00
r and Dc
SV00
r appear (see Eqs. (28)).
Diﬀerence between ﬁrst and second term on the right-hand side of Eq. (32) is actually the virtual work made
by load increments during time step Dtr by the virtual system of displacement increments. Eq. (32) can then be
simpliﬁed as:Z
V e
dðDerÞE00rDer þ dðDcrÞG00rDcr þ dðDcSVr ÞG00rDcSVr
 
dV e
¼ d DLeve;r
 	
þ
Z
V e
dðDerÞE00rDe00r þ dðDcrÞG00rDc00r þ dðDcSVr ÞG00rDcSV
00
r
h i
dV e ð33Þ5.2. Computation of stiﬀness and load terms
According to the usual ﬁnite element procedure, approximations of strain components by means of inter-
polation functions must be introduced into Eq. (33), in order to obtain equilibrium conditions in discrete
form. Hence, new interpolation functions must be used for pseudo-inelastic strain increments De00r , Dc
00
r and
DcSV
00
r appearing in the last term of Eq. (33), which are functions of state variables rl, sl and s
SV
l through
Eq. (27b). These interpolation functions have been selected in order to obtain state variables rl, sl and sSVl
with the same approximation degree of the corresponding elastic stresses/strains. Thus, interpolation func-
tions for rl (corresponding to strain component e) are linear both along z- and s-direction, whereas interpo-
lation functions for sl (corresponding to c) are linear along z- but constant in s-direction. Finally,
interpolation functions for sSVl are linear along z- and constant along s-direction, since the corresponding strain
component cSVdepends on the ﬁrst derivative of cross-sectional d.o.f. h(z) only (see Eq. (6)).
In order to accomplish with these requirements, linear Lagrangean functions MT = [M1,M2] have been
adopted for interpolation functions along s-direction, while piecewise linear Lagrangean functions
LT = [L1,L2,L3] are introduced along z-direction, as shown in Fig. 7. State variables for the general ﬁnite ele-
ment can then be expressed as follows:
Fig. 7. Shape functions for state variables.
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slðzÞ ¼ LTðzÞ  sl
sSVl ðzÞ ¼ LTðzÞ  sSVl
ð34ÞwhereRTðs; zÞ ¼ ½M1ðsÞ  LTðzÞ;M2ðsÞ  LTðzÞ ð35Þ
and rl, sl, s
SV
l are vectors collecting state variables:rTl ¼ ½rl11; rl12; rl13; rl21; rl22; rl23
sTl ¼ ½sl1; sl2; sl3
sSV
T
l ¼ ½sSVl1 ; sSVl2 ; sSVl3 
ð36ÞSubstituting Eqs. (13), (14), (27b) and (34) into (33) yields:dðDUTe ÞK00eDUe ¼ dðDUTe ÞDFexte þ dðDUTe ÞHS00 ð37Þ
where vector DUTe ¼ ½DnT;DgT;DhT;DUT contains increments of ﬁnite element d.o.f’s and the following quan-
tities have been introduced:S00T ¼ eSTl;r1; eTTl;r1; eTSVl;r1Th i ð38aÞ
eSTl;r1 ¼ Xm
l¼1
ð1 eDtr=qlÞrTl;r1
" #
ð38bÞ
eTTl;r1 ¼ Xm
l¼1
ð1 eDtr=qlÞsTl;r1
" #
ð38cÞ
eTSVTl;r1 ¼ Xm
l¼1
ð1 eDtr=qlÞsSVl;r1
T
" #
ð38dÞ
H ¼
0 ax A
^
0
0 ay A
^
0
0 rA
^
J te
te
A
^
C
^
B
^
0
0BBBBBB@
1CCCCCCA ð39Þ
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^
¼
Z
V e
N0 zð ÞqT zð ÞdV e ð40aÞ
B
^
¼
Z
V e
N/;s zð ÞqT zð ÞdV e ð40bÞ
C
^
¼
Z
V e
N0/ s; zð ÞRT s; zð ÞdV e ð40cÞFinally, DFexte and K
00
e are analogous to load vector and stiﬀness matrix deﬁned for instantaneous case (see Eqs.
(19) and (20)), but computed with reference to load increment over Dtr, with pseudo-elastic moduli E
00
r and G
00
r
substituting elastic moduli E, G.
5.3. Solution algorithm
After application of canonical assembling procedures and considering the arbitrary value of d(DU) in Eq.
(37), the solving system of equations for time step Dtr can be written as:K00r  DUr ¼ DFextr þ DF00r ð41Þ
where DF00r ¼ HS00 is the pseudo-inelastic load term.
Eq. (41) is formally analogous to general equation for elastic case, but some important diﬀerences arise:
• load term at the right-hand side is the sum of two vectors. First term is load vector of instantaneous case,
referred to load increments over Dtr; the second is a ﬁctitious load vector due to pseudo-inelastic strain
increments;
• pseudo-elastic stiﬀness matrix K00r depends on pseudo-elastic moduli E
00
r and G
00
r , replacing E and G of instan-
taneous case. Stiﬀness matrix depends on current time step through Eqs. (27).
Fig. 8 shows the solution incremental algorithm. At ﬁrst, time steps and load history (i.e., load incre-
ments for each time step) must be deﬁned. Then, for each time step Dtr, state variables are updated by Eq.
(24), being zero their initial values at time t = t0. Force vector DF
00
r can now be evaluated and, accordingly,
Eq. (41) is solved; pseudo-elastic moduli (thus K00r ) and DF
ext
r can also be updated through Eqs. (27) and
(20).
5.4. Comments on the solution algorithm
Viscoelastic problems are often treated as non-linear problems and solved with a Newton–Raphson
method (Simo and Hughes, 1998; Kojicˇ and Bathe, 2004). Characteristic of the method is the linearization
of the problem over the single time step. The resulting algorithm is incremental in time and iterative
within each time step. The method has the advantage to be very general and applicable to whatever kind
of non-linearity. Eﬃcient ways to update stresses and state variables from strains are also available (strain
driven problem, see for example (Simo and Hughes, 1998)). However, the method is usually quite time
consuming, since it requires numerical integration on each element to evaluate tangent matrix and internal
forces.
A diﬀerent approach has been adopted here, making analysis more eﬃcient for the linear viscoelastic
problem considered in the present study. Numerical quadrature has been avoided in two diﬀerent ways.
First, by directly substituting pseudo-elastic relationships into the principle of virtual displacement, the
solution method only requires a pseudo-elastic matrix obtained through algebraic relationships instead
of a tangent matrix to be calculated numerically at each time step. Secondly, interpolation of state vari-
ables between nodes simpliﬁes integration of last term in Eq. (33), which then becomes algebraic and does
not need Gauss quadrature. Convergence of the proposed procedure has been tested and results are
reported in Section 6.2. The method has proved to converge very fast to the solution, requiring very
few integration points in time.
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Fig. 8. Scheme of solution algorithm for linear viscoelastic problem.
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A ﬁnite element routine has been implemented in programming language Matlab and some signiﬁcant
problems from the structural point of view have been solved. In the following paragraphs, results for two
benchmark problems are given in term of evolution with time of displacements, strains and stresses.
A parametric analysis has been performed by using three diﬀerent creep functions for the shear modulus of
the pultruded composite. Actually, the possibility to take shear deformability into account for all kinds of
loading is a distinguishing feature of the presented model. Eﬀects of assuming diﬀerent laws for time evolu-
tions of shear compliance will be shown. Both Young and shear instantaneous elasticity moduli have been
kept constant in parametric analyses, but time variation is diﬀerent due to diﬀerent creep coeﬃcients. As usual,
for an uniaxial stress and strain state, creep coeﬃcient is deﬁned as:U tð Þ ¼ ecr tð Þ
e0
¼ E0J tð Þ  1 ð42Þwhere ecr is the creep strain, E0 the instantaneous elasticity modulus and J(t) the creep function. Creep coef-
ﬁcients considered in the parametric analysis are denoted by U1, U2, U3 and depicted versus time in Fig. 9.
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Fig. 9. Creep coeﬃcients adopted in parametric analysis.
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Maxwell model. Values of unit stiﬀnesses are reported in Table 1. Adopting those units, results are expected to
be signiﬁcant from the physical point of view up to 103 days. Creep coeﬃcients U2 and U1 have been calibrated
from experimental data reported in the literature (Shao and Shanmugam, 2004), and refer to normal and shear
long-term tests, respectively, on Glass-Fibre-Reinforced Plastics (GFRP). Function U3 represents a material
with a more pronounced viscosity. For Young modulus, U2(t) has been always used in the numerical simula-
tions. In Table 1, mechanical properties of aluminium (considered in second example) are also listed; since
aluminium is a not-viscous material, all unit stiﬀnesses are zero except for the last one, giving instantaneous
modulus of elasticity.6.1. Example 1 – channel pultruded beam
In the ﬁrst example, a commercial channel pultruded proﬁle has been considered. The beam is clamped at
z = 0 and subject to a 30 kN constant torque at its free end (z = L). Geometrical characteristics are reported in
Fig. 10. Numerical simulations refer to a pure creep test; therefore, after the ﬁrst load step, load has been kept
constant in time. Web and each ﬂange have been subdivided in 22 and 6 segments, respectively, whereas 150
subdivisions have been adopted in longitudinal direction. Analysis has been performed adopting 4 time inte-
gration points for decade.
The model is used to predict evolution with time of stresses, strains and displacement of the beam.
In Fig. 11, rotation during time of the beam free end is depicted. Three curves refer to the three dif-
ferent creep coeﬃcients for shear compliance depicted in Fig. 9. As previously mentioned, U1(t) was cal-Table 1
Viscoelastic properties of materials: stiﬀness constants of Maxwell units (MPa)
Material E1 E2 E3 E4 Ee
G1 G2 G3 G4 Ge
Pultruded GFRP, UE = U2, UG = U1 960 1033 3138 4436 20,339
97 534 386 380 1716
Pultruded GFRP, UE = U2, UG = U2 960 1033 3138 4436 20,339
100 108 327 462 2117
Pultruded GFRP, UE = U2, UG = U3 960 1033 3138 4436 20,339
147 707 430 389 1445
Aluminium 0 0 0 0 67,500
0 0 0 0 23,380
Fig. 10. Example 1 – beam geometry and torsional loadings.
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Fig. 11. Example 1 – rotation at the free end adopting diﬀerent creep functions for shear modulus.
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solution. After about 2000 days, shear creep coeﬃcients U2(t) and U3(t) are about 40% greater or smaller
than U1(t), respectively. Adopting U2(t) or U3(t) creep functions for shear modulus in structural model,
rotation is smaller or greater by 13% or 11%, respectively, after 2000 days. Variation of deformability
of beam is then signiﬁcantly smaller than corresponding variation of shear creep compliances. In fact, stiﬀ-
ness of the beam is not only related to Saint-Venant linear-through-thickness shear stresses but also to the
so called Vlasov stiﬀness, with ﬂow of constant-through-thickness shear stresses and normal stresses, due
to the presence of the clamped end (Capuani et al., 1998). Thus, Young elasticity modulus and not only
shear modulus is involved, when the beam has to withstand the external torque. Correspondingly, redis-
tribution with time of stresses on the cross-section is observed. In Fig. 12, symbols MSVt and M
VL
t indicate
amounts of external moment adsorbed through Saint-Venant and Vlasov mechanisms, respectively. With
reference to creep coeﬃcients of Fig. 9, moment MSVt must increase together with E(t)/G(t) ratio. Redis-
tribution of torsional moment according to Saint-Venant and Vlasov mechanisms in section A–A (at one-
third of beam length from clamped section) is reported in Fig. 12. As expected, adopting U2 for shear
creep function, no time variation occurs, because both moduli vary with time with the same law (i.e.,
E(t)/G(t) = const). Normal stress redistribution with time at point C (whose position on the cross-section
Fig. 12. Example 1 – variation with time of Saint-Venant MSVt and Vlasov M
VL
t torsional moments.
Fig. 13. Example 1 – variation with time of normal stresses in point C of sections A–A and B–B (see Fig. 15), adopting diﬀerent creep
functions for shear modulus.
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Redistributions is stronger at section A–A, even though normal stresses are higher in section B–B. Vari-
ation of all stress components with time with respect to initial solution (at t = 0) are reported in Fig. 14;
normal and shear stresses are checked at points C and D of Fig. 15, respectively. Normal stresses exhibit
higher variation with time. Finally, Fig. 15 shows normal and shear strain distributions over the cross-sec-
tion at three time instants, adopting U1(t) as creep coeﬃcient for shear modulus.
Fig. 14. Example 1 – variation with time of stresses in point C of sections A–A, adopting U3 creep function for shear modulus.
Fig. 15. Example 1 – normal (a) and shear (b) strains at diﬀerent time instants after loading (normal stresses at point C and shear stresses
at point D, see the ﬁgure).
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For the channel considered in Example 1, a convergence study has been performed, concerning both mesh
reﬁnement and adopted time integration algorithm.
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erence solution, and is always indicated in ﬁgures with solid line; mesh denoted as ‘‘ﬁne’’ is the same adopted
in Section 6.1; ﬁnally, a very coarse mesh (denoted as ‘‘rough’’) is also employed for comparisons. For con-
vergence study about mesh reﬁnement, four integration points for decade have been used for time integration.
Instantaneous and long-term normal and shear strains in the cross-section are reported in Fig. 16. Results
clearly show that also the rough mesh (two elements for each ﬂange and six elements for the web) gives accu-
rate results, error being about 0.1% for normal strains and less than 7% for shear strains. Long-term strains
are also very well caught (errors comparable with those of instantaneous solution), indicating that computa-
tion of pseudo-inelastic load term (second term of Eq. (41)) is well performed through interpolation of state
variables over the ﬁnite element. It has been also veriﬁed that the proposed FE model is not sensitive to geo-
metrical distortion, typical of membrane elements when ratio between edge lengths of the element is greater
than two.
Moreover, rotation of beam end is given in Fig. 17. Very good results over the whole time span are also
obtained with the rough mesh.
The second convergence study concerns time integration method. Beam rotation and maximum shear strain
variations with time are reported in Figs. 18 and 19, respectively, by adopting diﬀerent numbers of time steps.
Time instants are always taken uniformly distributed in logarithmic scale. Results reported in Section 6.1 (with
4 integration points for decade) are compared with solutions obtained with 1 point for decade and 1 point
every 2 decades. For the reference solution, 15 integration points for decade have been adopted.
Figs. 18 and 19 show that good approximation of variation with time of both rotation and maximum shear
strains is obtained also adopting only 1 point every two decades (i.e only four computations of the solution at
t = 101, 101, 103, 105 days). A quantitative estimate of errors due to time integration has been also given (see
Fig. 20). Rate of convergence on both displacements and strain components at diﬀerent times is substantially
the same, and can be estimated as:Fig. 16
and lo
Table
Diﬀere
Mesh
Mesh
Fine m
Roughe ﬃ c  n2 ð43Þ
with n number of integration points for decade and coeﬃcient c depending on the variable considered.ε=2⋅10–4 Legend
rough
mesh
fine
mesh
reference
solution
long–term
solution instantaneous
solution
γ=10–4
instantaneous
solution
long–term
solution
. Convergence study on mesh reﬁnement. Normal (a) and shear (b) strains at cross-section 52.5 cm from ﬁxed end: instantaneous
ng-term solution.
2
nt meshes considered to test numerical convergence
No. of transverse subdivisions in
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Fig. 17. Convergence study on mesh reﬁnement. Sectional rotation of beam free end.
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Fig. 18. Convergence study on time integration method (exponential algorithm). Sectional rotation of beam free end.
788 M. Bottoni et al. / International Journal of Solids and Structures 45 (2008) 770–7936.3. Example 2 – square tubular beam
In this example, a cantilever beam with square closed cross-section and subject to a concentrated 6 kN ver-
tical load at the free end is considered. The beam is composed by two diﬀerent materials: webs are made of
pultruded GFRP, whereas ﬂanges are made of aluminium (see Fig. 21). Each web and ﬂange has been subdi-
vided in 40 and 20 segments, respectively, whereas 200 subdivisions have been adopted in longitudinal direc-
tion. Due to symmetry with respect to y–z plane, only one-half of the beam has been analysed
Also in this example, stress redistribution occurs. The phenomenon is due to the diﬀerent viscoelastic
properties of aluminium and glass-ﬁbre composite. Flanges, being made of a not-viscous material such
aluminium, are progressively stiﬀer than GFRP composite and carry an increasing amount of ﬂexural
moment during time. Redistribution is evident for normal stresses, as shown in Fig. 22, where stresses
at three diﬀerent time instants on the clamped end cross-section are shown. Stresses at point B (indicated
in Fig. 22) are also depicted versus time (see Fig. 23). They have been checked at (normal stresses) or in
the neighbourhood of (shear stresses) of clamped end, as indicated in Fig. 21 (cross-section A–A). After 6
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Fig. 19. Convergence study on time integration method (exponential algorithm). Shear strains in point D of sections A–A (see Fig. 15).
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Fig. 20. Error due to time integration method with increasing number of integration points for decade. Reference solution: 64 points for
decade (mesh: ‘‘ﬁne’’, see Table 2).
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respectively.
In Fig. 24, strains at three time instants are depicted. Creep coeﬃcient U1(t) is adopted for shear modulus.
Normal strain variation is weak, if compared with Example 1, due to the presence of aluminium in ﬂanges; on
the contrary, shear strain increase in webs is similar to that of previous case. Fig. 25 shows deﬂection of free
end of the beam, adopting diﬀerent creep coeﬃcients. Diﬀerences in deﬂection are not very signiﬁcant (about
3%), when curve associated to U1 is taken as reference. In fact, aluminium ﬂanges, not suﬀering creep defor-
mations, adsorb the greatest amount of ﬂexural moment.
7. Conclusions
A ﬁnite element model is presented for the analysis of linear viscoelastic behaviour of thin-walled beams
made of composite materials subject to service loads.
Fig. 21. Example 2 – geometry of two-material cross-section and loading scheme.
Fig. 22. Example 2 – normal stresses at diﬀerent times after loading.
790 M. Bottoni et al. / International Journal of Solids and Structures 45 (2008) 770–793The model is based on assumption of transverse inextensibility of cross-sections in their planes: out-of-
plane displacements and overall (sectional) displacements (in-plane rigid translation and rotation) of the
cross-section are discretized by Lagrangean interpolation functions. Linear viscoelastic constitutive behaviour
is described through Maxwell model: diﬀerent viscoelastic laws are then adopted for normal and shear moduli
variation with time. For time integration, exponential algorithm is used. It is based on a closed-form integra-
tion under hypothesis of constant strain rate over the time step. Time intervals with variable length can be
adopted without signiﬁcant loss of accuracy.
The FE viscoelastic problem is then solved through an incremental procedure. A pseudo-elastic matrix and
a pseudo-inelastic load term are employed to solve the system of equations. Both are computed through alge-
braic relationships, having assumed (linear) interpolation functions for state variables, deﬁned on the nodes of
the ﬁnite element. The adopted solution procedure is very simple and eﬀective, due to both simplifying
assumptions in the kinematic model and solution method in time. For problems involving stronger
Fig. 23. Example 2 – variation with time of normal stresses in aluminium and pultruded composite in point B of section A–A (adopting U1
creep function for shear strain).
Fig. 24. Example 2 – normal (a) and shear (b) strains at diﬀerent time instants after loading.
M. Bottoni et al. / International Journal of Solids and Structures 45 (2008) 770–793 791non-linearities (such as in the case of non-linear elasticity or viscoplasticity), iterative solution methods (such
as Newton–Raphson) could be appropriate and can be easily implemented in the proposed model. However,
for the linear viscoelastic problem at hand, accurate results are obtained in few minutes of computational anal-
ysis with the implemented procedure.
In numerical examples, the cases of a GFRP pultruded channel beam under torsion and a tubular beam
with cross-section composed of two diﬀerent materials are considered. Evolution with time of stresses, strains
and displacements are obtained.
Convergence features of the proposed method have been also investigated. As far as the mesh reﬁnement is
concerned, it is shown that accurate solutions can be obtained even with very coarse meshes. Convergence of
time integration algorithm has been ﬁnally studied. It is shown that very accurate results up to 103 days can be
obtained also adopting very few integration instants (4–7), equally spaced in the log scale over the time axis.
Fig. 25. Example 2 – deﬂection of free end of the tubular beam adopting diﬀerent creep functions for shear modulus.
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